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We consider a set of radiative contributions from one-loop lepton vacuum polarization to
the hyperfine splitting of true muonium. Improving previous results, we obtain values for the
electron-loop coefficients and extract their leading dependence upon β = mµ/me. The coeffi-
cients are Cµ20,1VPCT = 0.734931603β, C
µ
20,1VPCA = 0.551198702β, and C
µ
20,1VPT = 0.419149715β.
The mass-independent contribution from three one-loop vacuum polarization is C40,VPX =
1
127575
(−5255− 2016pi2 + 51840ζ(3)). Contributions from τ up to O(mµα8) are calculated.
True muonium is the yet unidentified (µµ¯) bound state
with lifetimes on the order of ps [1]. QED dominates the
characteristics of true muonium, while QCD and Elec-
troweak effects appear at O(mµα5) [2] and O(mµα7) [3]
respectively. The need to discover and study true muo-
nium is motivated by the existing discrepancies in muon
physics [4–8]. Both new physics models [9–30] and sys-
tematic errors in the experiments have been proposed
to resolve these discrepancies. Other works have sug-
gested a more subtle understanding of known physics is
required [31–36]. True muonium can produce compet-
itive constraints on all these solutions if the standard
model predictions are known to the 100 MHz level, cor-
responding to O(mµα7) [37]. Today, the Heavy Pho-
ton Search (HPS) [38] experiment is searching for true
muonium [39], and DImeson Relativistic Atom Complex
(DIRAC) [40] has discussed a search during an upgraded
run [41]. In both situations, the true muonium will be
relativistic, necessitating consideration to the effect of
boost on wave functions and production rates [42–44].
In this work, we will focus on improving the theoretical
prediction for the hyperfine splitting (hfs). To review, the
expression for the hfs corrections to true muonium from
QED can be written
∆Ehfs = mµα
4
[
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where Cij indicate the coefficient of the term propor-
tional to (α)i lnj(1/α) and for i = 0, 1 the second index
is dropped. Cij include any dependence on mass scales
other than mµ (e.g me,mpi,mτ ,...). The coefficients of
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single-flavor QED bound states, used in positronium, are
known up to O(meα6). Partial results have been com-
puted for O(meα7) and are an active research area in
light of upcoming experiments (For an updated review
of the coefficients see [45, 46]). The exchange me → mµ
translates these results to true muonium.
True muonium receives further contributions that are
typically neglected in positronium. Most importantly,
the existence of the lighter electron allows for large
vacuum loop contributions. The relative smallness of
mτ/mµ ≈ 17 and mpi/mµ ≈ 1.3 produce non-negligible
contributions as well. Of these true muonium specific
contributions, denoted by Cµij , only a few terms are
known.
The hadronic contribution to the annihilation chan-
nel, Cµ1,hvp = −0.04874(9), has been recently computed
using the experimental Drell ratio R(s) [2]. The leptonic-
loops in the two-photon annihilation channel coefficient
Cµ20,2γ = −2.031092873 is known exactly [46], and the
electron loop in three-photon annihilation has been cal-
culated numerically Cµ30,3γ = −5.86510(20) [47]. The
leading-order contributions from Z-bosons has also been
computed [3].
Ref. [48] presented calculations for the correction to
the n = 1, 2 S-states from electron vacuum polarization
in the Coulomb line with an additional transverse pho-
ton (VPCT), vacuum polarization in the Coulomb line
with an annihilation photon (VPCA), and the vacuum
polarization in a transverse photon (VPT). With C1,hvp
now known to a higher precision, the uncertainty from fi-
nite precision in these contributions, 200 MHZ, is as large
as the unknown higher-order contributions and therefore
must be removed. These results would naively scale as
O(mµα6), but the electron loops modify this scaling to
O(mµmµme α6) ≈ O(mµα5). This large enhancement over
naive α scaling led [48] to assign this contribution to
O(mµα5), finding it to be for the ground state
C˜µ1,e =
α
pi
mµ
me
[
Cµ20,1VPCT + C
µ
20,1VPCA + C
µ
20,1VPT
]
=0.353 + 0.265 + 0.201 = 0.819. (2)
ar
X
iv
:1
70
1.
04
36
2v
3 
 [p
hy
sic
s.a
tom
-p
h]
  1
8 A
pr
 20
17
2Together, these contributions predict ∆E1shfs =
42329429(16)had(200)1,e(700)miss MHz where the
first uncertainty estimate is from hadronic experimental
uncertainties, the second from the finite precision of
C˜1,e computed in [48], and the final is from uncalculated
O(mµα6) contributions.
In this work, we will instead assign these contributions
to their correct α6 scaling and compute them to higher
precision. Along the way we will also correct errors in the
literature and in the case of the VPT derive an analytic
expression. This completely reduces the uncertainty from
finite precision. We compute these contributions for the
dimensionless variable β =
mµ
me
.
Additionally, we use the scattering approximation to
compute the full radiative contribution at O(mµαn)
from µ and τ loops in the two-photon exchange
channel where n = 6, 7, 8. We reproduce the µ-
loop values of C20,VPX =
5
9 [49] and C30,VPX =
1
3
(
6pi2
35 − 89
)
[50, 51] (note that EPsF = mα
4/3 in
the references) and compute for the first time the
C40,VPX =
1
127575
(−5255− 2016pi2 + 51840ζ(3)) term.
For the τ−loops, numerical results are obtained.
I. VPC-T AND VPC-A
The vacuum polarization insertion into the Coulomb
line with an additional transverse photon (VPCT) and
with an annihilation photon (VPCA) are related by their
relative contribution to the hyperfine splitting (4/7 and
3/7, respectively) and therefore we only need compute
one. Following [48], we compute VPCT. The contribu-
tion is given by
∆EnVPCT =
4
7
α
pi
EF
n3
[
∆ψnS(0)
ψnS(0)
]
=
mµα
6
pi2
Cµ20,nVPCT , (3)
where n is the energy level and we emphasize that the
coefficients have an n dependence, and EF is the Fermi
energy. ∆ψnS(0)/ψnS(0) is the correction to the wave
function, given by
∆ψnS(0)
ψnS(0)
= 2
∫
Ω
d3r G¯nS(EnS ; 0, r)VU (r)ψnS(r). (4)
where Ω indicates an integration over all space. The
Uehling potential is given by
VU (r) = −α
2
pir
∫ 1
0
dv
v2(1− v2/3)
1− v2 e
−λr, (5)
where λ = 2me/
√
1− v2. The reduced Coulomb Green’s
function, G¯nS(EnS ; 0, r), can be expressed in closed form
for S states [52]. For the cases of n = 1, 2, these formulae
are
G¯1S(E1S ; 0, r) =
αm2r
2pi
e−z1/2
z1
× [2z1(ln z1 + γ) + z21 − 5z1 − 2] , (6)
and
G¯2S(E2S ; 0, r) = −αm
2
r
8pi
e−z2/2
z2
×
[
4z2(z2 − 2)(ln z2 + γ) + z32 − 13z22 + 6z2 + 4
]
,
(7)
where zn = 2αmrr/n and γ is Euler’s constant. The in-
tegrals over r can be done analytically and the remaining
v integral for the 1S state is given by
Cµ20,1VPCT = piβ
1∫
0
dv
v2(3− v2)
9θ(2 + xθ)3
×
[
8 + 14x+ 3x2θ2 − 2xθ(2 + xθ) log
(
xθ
2 + xθ
)]
,
(8)
where θ =
√
1− v2, and x = αβ = αmµme . An integral ex-
pression in terms of only x and v can be found for 2S as
well, but is omitted for length. Numerically integrating
these expressions, we find Cµ20,1VPCT = 0.734931603β,
and Cµ20,2VPCT = 0.635841279β. Multiplying by 3/4
we obtain Cµ20,1VPCA = 0.551198702β, and C
µ
20,2VPCA =
0.476880959β. Multiplying these results by α/pi, we find
agreement with the values of [48] with improved preci-
sion. We point out there is an error in their Eq. (18)
as printed because when we recomputed this expression
numerically, we find it equivalent to Cµ20,1VPCT = 1.16β,
much larger than the correct value of 0.734931603β. The
contributions to the hfs are
∆E1VPC =
mµα
6
pi2
[
Cµ20,1VPCT + C
µ
20,1VPCA
]
=103948.8793 MHz , (9)
∆E2VPC =
mµα
6
pi2
[
Cµ20,2VPCT + C
µ
20,2VPCA
]
=89933.5235 MHz . (10)
II. VPT
The contribution of one-loop electron vacuum polar-
ization in a transverse photon is given by the interaction
between the magnetic field induced by the Uehling po-
tential and the muons. The general expression for these
terms to a given nS state is
∆EnVPT =
8pi
3m2µ
∫ ∞
0
dr r2
(
− ∂
∂r
∣∣ψnS(r)∣∣2)( ∂
∂r
VU (r)
)
. (11)
3In deriving their expressions, it is clear that [48] omitted
the nontrivial boundary term to write the expressions
−(~∇|ψ|2)·(~∇VU ) as |ψ|2~∇2VU in their intermediate steps,
while their final results are correct. The integrals can be
reexpressed into our standard notation as
∆EnVPT =
α6
pi2
Cµ20,nVPT , (12)
where for n = 1 and x < 2, we have derived an analytic
expression:
Cµ20,1VPT =
piβ
27x4
{
x(24 + x2) + 3
16− 2x2 + x4√
4− x2
[
pi − 2arctan
(
x√
4− x2
)]
− 24pi
}
, (13)
similarly for n = 2 and x < 4, we have:
Cµ20,2VPT =
7piβ
5184x4(16− x2)5/2
{
x
√
16− x2(49152− 5632x2 − 232x4 + 11x6)
+ 6
[
pi − 2arctan
(
x√
16− x2
)]
(65536− 10240x2 + 1056x4 − 40x6 + x8)− 384pi(16− x2)5/2
}
. (14)
For true muonium, these coefficients are Cµ20,1VPT =
0.419149715β and Cµ20,2VPT = 0.031410727β, which
agree with Eq. (25) of Ref. [48] but are exact up to un-
certainties in the physical constants. These correspond
to
∆E1VPT = 33876.9275 MHz , (15)
∆E2VPT = 21.0480555 MHz . (16)
III. USING THE SCATTERING
APPROXIMATION
We wish to consider the heavy lepton contributions
from Fig. 1 to the 1S state within the scattering approx-
imation. This approximation multiplies |ψ(0)|2 by the
loop integral with the on-mass-shell fermions. These re-
sults are valid when the loop momenta are much larger
than the momenta of the bound state, O(mµα). Inser-
tions of vacuum polarization loops to the skeleton dia-
gram effectively makes exchanged momentaO(mj) where
j is the loop particles. The infrared-divergent skeleton di-
agram of the two-photon exchange obtained in the scat-
tering approximation which requires m′`  αm`. It is
found to have a simple form [50, 51, 53]:
∆EVPX =
mα5
pi
[
1
3
∫ ∞
0
dq2fp(q)
]
, (17)
where
fp(q) =
16 + 2q2 + q4 − q3
√
q2 + 4
4q3
√
q2 + 4
. (18)
While this integral itself is infrared-divergent, all radia-
tive insertions into the expression will render it conver-
gent.
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FIG. 1. Radiative loop corrections from heavy leptonic loops
to the two photon exchange graph considered in this work.
The one-loop polarization insertion given in momen-
tum space is
α
pi
I1,β(q) =
α
pi
∫ 1
0
dv
v2
(
1− v23
)
(1− v2)q2 + 4β
. (19)
The contribution of n one-loop vacuum polarization in-
sertions is obtained from Eq.(17) with
(
α
pi q
2I1,β(q)
)n
and
the appropriate combinatoric factor. The integral over v
can be performed analytically, and the resulting q2 inte-
gral is
4∆E1VPX =
mα5
pi
(α
pi
)n−1 n
3
∫ ∞
0
dq2fp(q)
 (12− 5q2β) + 6(q2β − 2)
√
q2β+4
q2β arctanh
(√
q2β
q2β+4
)
9q2β

n−1
=
mα5
pi
(α
pi
)n−1
Cn0,VPX , (20)
where the factor of n reflects the combinatorics.
In the case of β = 1, we can analytically solve
this equation for n = 2, 3, 4. Our results agree
with previous calculations for C20,VPX = 5/9 [49] and
C30,VPX =
1
3
(
6pi2
35 − 89
)
[50, 51]. These terms have
already been included in the hfs of true muonium.
While experimental precision even for positronium has
not reach reached this level, we found C40,VPX =
1
127575
(−5255− 2016pi2 + 51840ζ(3)). The contribution
from this term is 0.000614 MHz in true muonium and
0.00297 kHz in positronium.
For values of β < 1, we have been unable to find an
analytic expression, and have instead numerically inte-
grated Eq. 20 for n = 2, 3, 4. The results for physi-
cally relevant cases are found in Tab. I. The contribu-
tion from τ -loop terms in true muonium is 2.225430 +
0.001023 + 0.000002 = 2.226455 MHz.
We have fit a large number of numerical values to find
the β scaling for n = 2, 3, 4. The coefficients are increas-
ingly well-approximated by Cn0,VPX ∝ β with increasing
n. The Cn0,VPX ∝ β behavior at large n agrees with
naive scaling expectations inside loops, and can be used
to guide estimates of higher order corrections.
IV. CONCLUSION
In conclusion, we have computed several critical cor-
rections to the hyperfine splitting of true muonium nec-
essary to reach 100 MHz precision. The recalculation
of the VPCT, VPCA, and VPT diagrams has reduced
the error budget by 200 MHz by removing the error
from finite precision and in the case of VPT has yielded
analytic results. We have further computed Cn0,VPX
for n = 2, 3, 4 for values of β that are physically rel-
evant. The current theoretical prediction is ∆E1shfs =
42329435(16)had(700)miss MHz. In light of this work, the
largest uncertainty arises from uncalculated O(mµα6)
electron loops.
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